We calculate the persistent spin current inside a quantum ring as a function of the strength of the Rashba or Dresselhaus spin-orbit interaction. We provide analytical results for the spin current of a one-dimensional (1D) ring of non-interacting electrons for comparison. Furthermore, we calculate the time evolution in the transient regime of a two-dimensional (2D) quantum ring connected to electrically biased semi-infinite leads using a time-convolutionless non-Markovian generalized master equation. In the latter case, the electrons are correlated via the Coulomb interaction and the ring can be embedded in a photon cavity with a single mode of linearly polarized photon field. The electron-electron and electron-photon interactions are described by exact numerical diagonalization. The photon field can be polarized perpendicular or parallel to the charge transport. We find a pronounced charge current dip associated with many-electron level crossings at the Aharonov-Casher phase ∆Φ = π, which can be disguised by linearly polarized light. Qualitative agreement is found for the spin currents of the 1D and 2D ring. Quantatively, however, the spin currents are weaker in the more realistic 2D ring, especially for weak spin-orbit interaction, but can be considerably enhanced with the aid of a linearly polarized electromagnetic field. Specific spin current symmetries relating the Dresselhaus spin-orbit interaction case to the Rashba one are found to hold for the 2D ring in the photon cavity.
I. INTRODUCTION
Geometrical phases have captured much interest in the field of quantum transport. Electrons in a non-trivially connected region like a quantum ring can show a variety of geometrical phases. An Aharonov-Bohm (AB) phase 1 is acquired by a charged particle moving around a magnetic flux. An Aharonov-Casher (AC) phase 2 is acquired by a particle with magnetic moment encircling, for example, a charged line. The Aharonov-Anadan (AA) phase 3 is the remaining phase of the AC phase when subtracting the dynamical part. The Berry phase 4 is the adiabatic approximation of the AA phase. Transport properties of magnetic-flux threaded rings [5] [6] [7] [8] have been investigated and the influence of a cavity photon mode on the AB oscillations explored. 9 Furthermore, the magnetic field leads to persistent charge currents 10 . Both, the persistent current 11 and the conductance through the ring show characteristic oscillations with period Φ 0 = hc/e, the latter first having been measured in 1985.
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The AC effect can be observed in the case of a more general electric field than the one produced by a charged line, i.e. including the radial component and a component in z-direction. 13 Experimentally, it is relatively simple to realize an electric field in z-direction, i.e. which is directed perpendicular to the two-dimensional (2D) plane containing the quantum ring structure. By changing the strength of the electric field, the spin-orbit interaction strength of the Rashba effect 14 can be tuned. The AC effect appears also for a Dresselhaus spin-orbit interaction 15 , which is typically stronger in GaAs. Persistent equilibrium spin currents due to geometrical phases were addressed for the Zeeman interaction with an inhomogeneous, static magnetic field. 16 Later, Balatsky and Altshuler studied persistent spin currents related to the AC phase 17 . Several authors addressed the persistent spin current oscillations as the strength of the spin-orbit interaction is increased. 13, 18, 19 As opposed to the AB oscillations with the magnetic flux, the AC oscillations are not periodic with the spin-orbit interaction strength. Optical control of the spin current can be achieved by a nonadiabatic, two-component laser pulse. 20 Suggestions to measure persistent spin currents by the induced mechanical torque 21 or the induced electric field 22 have been proposed. An analytical state-dependent expression for a specific spin polarization of the spin current has been stated in Ref. 23 .
Charge persistent currents in quantum rings can be produced by two time-delayed light pulses with perpendicularly oriented, linear polarization 24 and phaselocked laser pulses based on the circular photon polarization influencing the many-electron (ME) angular momentum. 25 Moreover, energy splitting of degenerate states in interaction with a monochromatic circularly polarized electromagnetic mode and its vaccum fluctuations can lead to charge persistent currents. 26, 27 Furthermore, the nonequilibrium dynamical response of the dipole moment and spin polarization of a quantum ring with spin-orbit interaction and magnetic field under two linearly polarized electromagnetic pulses has been studied. 28 Quantum systems embedded in an electromagnetic cavity have become one of the most promising applications in quantum information processing devices. We are considering here the influence of the cavity photons on the internal and external charge and spin transport inside and into and out of the ring. We treat the electron-photon interaction by using exact numerical diagonalization including many levels, 29 i.e. beyond a two-level Jaynes-Cummings model or the rotating wave approximation and higher order corrections of it.
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Concentrating on the electronic transport through a quantum ring connected to leads, which is embedded in a magnetic field, several studies exist for only Rashba spin-orbit interaction 33, 34 , only Dresselhaus spin-orbit interaction 35 or both. 36, 37 Combining both, the lightmatter interaction and the strong coupling of the quantum ring to leads, follow even more involved questions, especially when the leads have a bias, which breaks additional transport symmetries. The electronic transport through a quantum system in a strong systemlead coupling regime was studied for longitudinally polarized fields, [38] [39] [40] or transversely polarized fields 41,42 -though without taking into consideration spin-orbit effects. For a weak coupling between the system and the leads, the Markovian approximation, which neglects memory effects in the system, can be used. [43] [44] [45] [46] To describe a stronger transient system-lead coupling, we use a non-Markovian generalized master equation [47] [48] [49] involving energy-dependent coupling elements. The dynamics of the open system under non-equilibrium conditions and realistic device geometries can be described with the time-convolutionless generalized master equation, 9, 50 which is suitable for higher system-lead coupling and allows for a controlled perturbative expansion in the system-lead coupling strength.
The time-dependent transport of spin-orbit and Coulomb interacting electrons through a topologically nontrivial broad ring geometry, embedded in an electromagnetic cavity with a quantized photon mode, and connected to leads has not yet been explored beyond the Markovian approximation. One of the objectives of the present work, is to present differences between one-dimensional (1D) and 2D rings 33, 51 focusing on the persistent spin current. We derive the persistent spin current for arbitrary spin polarization for the 1D ring with Rashba or Dresselhaus spin-orbit interaction analytically giving us a robust tool to discern effects from the 2D structure, Coulomb interaction between the electrons and transient coupling to electrically biased leads. For the 2D ring we performed numerical calculations as analytical solutions are known only when neglecting spinorbit interaction. 52 Furthermore, we embed the 2D ring in a photon cavity with x-or y-polarized photon field to explore the influences of the photon field and its linear polarization on the current. The comparisons are performed in the range of the Rashba or Dresselhaus interaction strength almost up to an AC phase difference ∆Φ ≈ 3π.
The paper is organized as follows. In Sec. II, we provide a general description of the central ring system and its charge and spin currents, which applies to both the 1D and 2D ring. In Sec. III, analytical expressions for the charge and spin currents in a simpler 1D ring of spin-orbit interacting electrons are given. Sec. IV describes our dynamical model for the correlated electrons in the opened up 2D ring embedded in a photon cavity. Sec. V shows the numerical transient results for the 2D ring and sets them in comparison with the analytical 1D results as a function of the Rashba spin-orbit interaction strength. The influence of the linearly polarized electromagnetic cavity field on the spin currents is studied for different photon polarization. Furthermore, the differences between the Rashba and Dresselhaus interaction in a ring system are addressed. Conclusions will be drawn in Sec. VI. The time-and space-dependent spin photocurrents are provided as supplementary material.
II. GENERAL DESCRIPTION OF THE CENTRAL RING SYSTEM
In this section, we give the most general Hamiltonian that we consider for the central ring system including a homogeneous magnetic field in z-direction interacting with the electrons' spin, Rashba and Dresselhaus spinorbit interaction, Coulomb repulsion between the electrons and a single cavity photon mode interacting with the electronic system. Furthermore, we use this general Hamiltonian to derive in two independent ways operators for the charge and spin density, charge and spin current density and spin source terms. The spin source terms result from the fact that the spin transport is not satisfying a continuity equation due to the spin-orbit coupling.
A. Central system Hamiltonian
The time-evolution operator of the closed system with respect to t = 0,Û
is defined by a many-body (MB) system Hamiltonian
with the two-component vector of field operatorŝ
andΨ
whereΨ
is the field operator with x ≡ r, σ, σ ∈ {↑, ↓} and the annihilation operator,Ĉ a , for the single-electron state (SES) ψ S a (x) in the central system, i.e. the eigenstate labeled by a of the HamiltonianĤ S −Ĥ ee − ωâ †â for A ph (r) = 0 (see Eq. (6)). The momentum operator iŝ
The Hamiltonian in Eq. (2) includes a kinetic part, a constant magnetic field B = Bẑ, in Landau gauge being represented by A(r) = −Bye x and a photon field. Furthermore, in Eq. (2),
describes the Zeeman interaction between the spin and the magnetic field, where g S is the electron spin g-factor and µ B = e /(2m e c) is the Bohr magneton. The interaction between the spin and the orbital motion is described by the Rashba part
with the Rashba coefficient α and the Dresselhaus part, which here is restricted to the first-order term in the momentum,Ĥ
with the Dresselhaus coefficient β. In Eqs. (7) (8) (9) , σ x , σ y and σ z represent the spin Pauli matrices. Equation (2) includes the exactly treated electron-electron interaction
with e > 0 being the magnitude of the electron charge and the integral over x being composed of a continuous 2D space integral and a sum over the spin. Only for numerical reasons, we include a small regularization parameter η = 0.2387 nm in Eq. (10) . The last term in Eq.
(2) indicates the quantized photon field, whereâ andâ † are the photon annihilation and creation operators, respectively, and ω is the photon excitation energy. The photon field interacts with the electron system via the vector potentialÂ
with e = e x , TE 011 e y , TE 101 (12) for longitudinally-polarized (x-polarized) photon field (TE 011 ) and transversely-polarized (y-polarized) photon field (TE 101 ). The electron-photon coupling constant g EM = eAa w Ω w /c scales with the amplitude A of the electromagnetic field. It is interesting to note that the photon field couples directly to the spin via Eqs. (8) , (9) and (6) . For reasons of comparison, we also consider results without photons in the system. In this case,Â ph (r) and ωâ †â drop out from the MB system Hamiltonian in Eq. (2).
B. Charge and spin operators
The charge density satisfies the continuity equation
while the continuity equation for the spin density includes in general source terms
for all spin polarizations i = x, y, z. Some controversy has been raised about spin currents and their conservation and several conserved spin currents proposed.
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Today, it is accepted that a redefinition of the Rashba expression 55 is not necessary 22, 56 as conservation laws cannot be restored in general 22, 57 . We derived the expressions for all the corresponding operators from Eq. (13) and Eq. (14) by two independent ways, and come to the same conclusion, which is: though other definitions of the spin current are possible by a related compensation of the source, it is not possible to eliminate a spin source term for our Hamiltonian. First, we calculated the electron group velocity operator
with the space-dependent vector potential
in first quantization for the standard expression, Eq. (6) in Ref. 55 . Second, we use the commutation relations for the field operators to derive expressions for the density, current density and source operators in second quantization in the Heisenberg picture with the equation of motion,
starting from the continuity equation,
with σ γ (σ, σ ′ ) being proportional to the unity matrix coefficients if γ = c (describing the charge),
or Pauli spin matrix coefficients if γ = x, y, z (describing the spin polarization),
and
In Eq. (18), the system HamiltonianĤ S from Eq. (2) has to be written with Heisenberg operators instead of the Schrödinger operators. We attribute every contribution, which can be written in the form, ∇j(r, t), to the current density operator, thus aiming towards a minimal expression for the source operator. Finally, we transform the operators into the Schrödinger picture.
The charge density operator
and the spin density operator for spin polarization S î
The component labeled with j ∈ {x, y} of the charge current density operator is given bŷ
The current density operator for the j-component and
the current density operator for S y spin polarizationĵ
and S z spin polarization
The expressions for the source operators are given in appendix A. We note that our derivation agrees with the definition of the Rashba current when we limit ourselves to the case without magnetic and photon field and without Dresselhaus spin-orbit interaction.
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III. 1D RINGS: EXACT EXPRESSIONS FOR THE SPIN CURRENT
In this section, we derive and describe analytical results for an ideal 1D ring, i.e. with infinitely narrow confinement, and with either Rashba or Dresselhaus spinorbit interaction. Here, we will neglect the magnetic field, electron-electron interaction and the photons. Accordingly, the general expressions for the Hamiltonian, Eq. (2), and the charge and spin operators, Eqs. (23) (24) (25) (26) (27) (28) and the equations from appendix A, can be simplified for the purposes of this section. Our aim is to clarify the role of the different parts of the central Hamiltonian Eq. (2) by comparing our numerical results to the analytical results of this section.
A. 1D Rashba ring
Our Hamiltonian containing the kinetic and the Rashba term
where α is the Rashba coefficient andσ x ,σ y andσ z are the spin Pauli matrices, has the 1D ring limit:
It is convenient to introduce the dimensionless Rashba parameter, x R , which is independent of the ring radius a and scales linearly with the Rashba coefficient α, given by with the Rashba frequency ω R := α/( a) and kinetic frequency Ω := /(2m * a 2 ). The eigenvalues of the Hamiltonian in Eq. (30) are:
with the Rashba AC phase
where we call n the angular momentum quantum number, ν = ±1 the spin quantum number and x = x R in the Rashba ring case. The spectrum is shown in Fig. 1 . For zero temperature, T = 0, the lowest N e /2 states are occupied both for ν = −1 and ν = 1. Occupation changes are possible at every other level crossing point. The eigenfunctions are
with the 2 × 2 coefficient matrix
and tan
In our derivation of the exact analytical expressions for the spin currents given in the appendix B, we assume that the number of electrons, N e , is even, as this results in the same amount of states (distinguished by n) with ν = −1 or ν = 1 to be occupied provided that T = 0 (except possibly at the crossing points of the spectrum). Mathematically, we could phrase it that the cardinality (number of elements) of the two sets of occupied states N ± for ν = ±1 is equal meaning that |N − | = |N + | = N e /2. The charge density is given by
and the charge current j c R = 0. The spin densities are all vanishing:
The spin current densities are given by
where j Φ = N e /(4πm * a 2 ) is the maximum absolute value of the persistent charge current in units of the electron charge e as a function of the magnetic flux Φ for α = β = 0. Finally, the spin source terms
and s z R is vanishing as expected since j z R depends not on ϕ.
To account properly for the rearrangements of the occupied states N − and N + , we have to distinguish the case with the cardinalities, |N − | and |N + | = |N − |, to be even and state rearrangements at x e n = (2n + 1) 2 − 1, n = 0, 1, . . . and the case with odd cardinalities and state rearrangements at x o n = (2n + 2) 2 − 1, n = 0, 1, . . . . In the even cardinality case, we define a multi-step function χ e = n for x e n < x < x e n+1 , n = 0, 1, . . . . In the odd cardinality case,
, n = 0, 1, . . . . Here, x is the Rashba parameter x R or Dresselhaus parameter x D to be defined later. Then, in the even cardinality case, we have
while in the odd cardinality case, we have 46) and
The spin currents are
The non-vanishing source terms are
The functions f e/o (x) and g e/o (x) describing the dependency on the Rashba parameter x = x R or Dresselhaus parameter x = x D have to be distinguished according to their cardinality.
For even cardinality, we have
For odd cardinality, they are
Eqs. (48) to (56) represent the main result of this section. In the following, the properties of these Rashba spin currents and spin source terms will be described. Fig. 2 (a) and (b), respectively, source and sink term are largest on opposite sites of the ring. Correspondingly, a non-homogeneous spin current is flowing from the source to the sink with maxima at the intermediate positions, where the source term is zero. The only difference between the spin components S x and S y is a rotation by π/2. The source can interchange its position with the sink if we allow for variations in the Rashba parameter x R . The ranges of x R , where the case of Fig. 2 applies is dependent on the cardinality and can be alternatively summarized by the either condition,
Sx
The current for S z spin polarization in Fig. 2 (c) is equally large everywhere and circulating around the ring similar to the persistent current invoked by a magnetic flux. 61, 62 The z-component of the spin is therefore source-free. This might be understood in the following way: similarly to the magnetic field acting on the spin via the Zeeman term, one can define an effective magnetic field for the Rashba spin-orbit interaction, B R = −p × E/(m * c), due to the electronic motion inside the electric field E = Ee z causing the Rashba interaction. The effective magnetic field is perpendicular to the electric field in z-direction and the effective momentum of the electrons in e ϕ -direction. Consequently, the effective magnetic field is always perpendicular to the S z spin polarization suggesting that ∂ ∂t n z (r, t) = 0. In a local interpretation of the spin continuity equation Eq. (14) , this corresponds to the case that the driving mechanism, i.e. the source term s z,e/o R (ϕ) = 0. We note that the geometrical aspects of the spin current flow could be summarized by stating that the spin current for spin polarization S i flows freely in the plane perpendicular to the unit vector e i . In our case, the spin current is confined to a 1D system along e ϕ . The spin current magnitude along the ring is then given by the projection e ϕ onto the plane perpendicular to e i . For S z spin polarization, e ϕ is inside this plane and therefore the spin current is space independent. As the spin currents are not dependent on time, we will call them persistent spin currents, not distinguishing whether they are homogeneous in space or not. Figure 4 shows the spin currents as a function of the Rashba parameter x R . As opposed to the magnetic flux dependency of the charge current, the Rashba parameter dependency of the spin currents is not exactly periodic, in particular for small x R . At the zero points of all the even cardinality spin currents, the odd cardinality spin currents are largest, changing discontinuously by sign due to sudden reoccupations among states of the same spin quantum number ν. Likewise, at the discontinuities of the even cardinality spin currents, the odd cardinality spin currents are zero. It is interesting to note that the z-component of the spin current is commonly larger for small x R and, in particular, that an infinitesimal small Rashba coefficient should lead to the relatively large spin current j z,e R = jΦ 2 provided that the total electron number N e is divisible by 4. This way, an infinitesimal small effective electric field is enough to generate a considerable persistent AC current provided the system can be cooled down and ME interactions neglected. We note that for x R exactly equal to zero, all spin currents are vanishing as j z,e R changes discontinuously at x R = 0.
B. 1D Dresselhaus ring
Here, we consider the case that spin and orbital momentum couple via the Dresselhaus instead of the Rashba interaction. The corresponding Hamiltonian containing the kinetic and the Dresselhaus term,
where β is the Dresselhaus coefficient. In analogy to the Rashba parameter x R , it is convenient to introduce the dimensionless Dresselhaus parameter, x D , which is independent of the ring radius and scales linearly with the Dresselhaus coefficient β, given by
with the Dresselhaus frequency ω D := β/( a). The Dresselhaus eigenvalues and coefficient matrix are derived in appendix C. The Dresselhaus and Rashba spectrum are identical and shown in Fig. 1 . The charge density is constant as in the Rashba case,
and the charge current j c D = 0. The spectrum, charge density and charge current are the same for the Rashba and Dresselhaus ring. We have calculated also the spin densities, spin currents and spin source terms in analogy to the Rashba case. For the Dresselhaus 
is performed. Moreover, using the commutation relation σ z = [σ x ,σ y ]/(2i), the z-spin Pauli matrix transforms according toσ z → −σ z . This suggests the following relations for the Dresselhaus spin densites for
As a consequence, also in the Dresselhaus case, all spin densities are vanishing:
Furthermore, the Dresselhaus spin currents and spin sources are related to the Rashba ones for Figure 3 shows the geometrical arrangement of the sources and spin currents. The differences to the Rashba ring can be stated as follows:
1. The transport pattern for the x-component of the spin is rotated by −π/2.
2. The transport pattern for the y-component of the spin is rotated by π/2.
3. The ϕ-independent current for the z-component of the spin flows in the opposite direction.
IV. MODEL AND THEORY FOR THE 2D RING COUPLED TO EXTERNAL LEADS
In this section, we describe the central system potential V S for the broad quantum ring and its connection to the leads. The electronic ring system is embedded in an electromagnetic cavity by coupling a many-level electron system with photons using the full photon energy spectrum of a single cavity mode. The central ring system is described by a MB system HamiltonianĤ S with a uniform perpendicular magnetic field, in which the electronelectron interaction and the electron-photon coupling to the x-or y-polarized photon field is explicitly taken into account. We employ the TCL-GME approach to explore the non-equilibrium electronic transport when the system is coupled to leads by a transient switching potential. The quantum ring is embedded in the central system of length L x = 300 nm situated between two contact areas that will be coupled to the external leads, as is depicted in Fig. 5 . The system potential is described by
with the parameters from table I, which are selected such that the potential is a bit higher at the contact regions (the place where electrons tend otherwise to accumulate) than at the ring arms to guarantee a uniform density distribution along the ring. x 03 = ǫ is a small numerical symmetry breaking parameter and |ǫ| = 10 −5 nm is enough for numerical stability. In Eq. (64), Ω 0 = 1.0 meV is the characteristic energy of the confinement and m * = 0.067m e is the effective mass of an electron in GaAs-based material. The ring radius a ≈ 80 nm, which means that α ≈ x R × 7.1 meV nm.
B. Lead Hamiltonian
The Hamiltonian for the semi-infinite lead l ∈ {L, R} (left or right lead),
with the momentum operator containing only the kinetic momentum and the vector potential coming from the magnetic field (i.e. no photon field)
We remind the reader that the Rashba part,Ĥ R (r), (Eq. (8)) and Dresselhaus part,Ĥ D (r), (Eq. (9)) of the spinorbit interaction are momentum dependent and it is the momentum from Eq. (66), which is used for these terms in Eq. (65) . Equation (65) contains the lead field operator
in the two-component vector
and a corresponding definition of the hermitian conjugate to Eq. (4). In Eq. (67), ψ ql (x) is a SES in the lead l (eigenstate with quantum number q of Hamiltonian Eq. (65)) andĈ ql is the associated electron annihilation operator. The lead potential
confines the electrons parabolically in y-direction. We use a relatively strong confinement, Ω l = 2.0 meV, to reduce the number of subbands in the leads and thereby the computational effort for our total time-dependent quantum system.
C. Time-convolutionless generalized master equation approach
We use the time-convolutionless generalized master equation 50 TCL-GME, which is a non-Markovian master equation that is local in time. This master equation satisfies the positivity conditions 63 for the MB state occupation probabilities in the RDO usually to a higher systemlead coupling strength 9 . We assume, the initial total statistical density matrix can be written as a product of the system and leads density matrices, before switching on the coupling to the leads,
with ρ l , l ∈ {L, R}, being the normalized density matrices of the leads. The coupling Hamiltonian between the central system and the leads readŝ
The coupling is switched on at t = 0 via the switching function
with switching parameter α l and
Equation (73) is written in the system Hamiltonian MB eigenbasis {|α)}. The coupling tensor
couples the lead SES {ψ ql (r, σ)} with energy spectrum {ǫ l (q)} to the system SES {ψ S a (r, σ)} with energy spectrum {E a } that reach into the contact regions,
65 Ω l S and Ω l , of system and lead l, respectively, and
includes the same-spin coupling condition. Note that the meaning of x in Eq. (75) is r = (x, y) and not x = r, σ. In Eq. (75), g l 0 is the lead coupling strength. In addition, δ l x and δ l y are the contact region parameters for lead l in xand y-direction, respectively. Moreover, ∆ l E denotes the affinity constant between the central system SES energy levels {E a } and the lead energy levels {ǫ l (q)}. The reduced density operator (RDO) of the system,
propagated with the TCL-GME 9,50 in the Schrödinger picture evolves to second order in the lead coupling strength in time viȧ
withΩ
and f (E) being the Fermi distribution function.
V. NON-EQUILIBRIUM TRANSPORT PROPERTIES FOR A 2D RING CONNECTED TO LEADS
We investigate the non-equilibrium electron transport properties through a quantum ring system, which is situated in a photon cavity and weakly coupled to leads. We assume GaAs-based material with electron effective mass m * = 0.067m e and background relative dielectric constant κ = 12.4. We consider a single cavity mode with fixed photon excitation energy ω = 0.4 meV. The electron-photon coupling constant in the central system is g EM = 0.1 meV. Before switching on the coupling, we assume the central system to be in the pure initial state with electron occupation number N e,init = 0 and and -unless otherwise stated -photon occupation number N ph,init = 1 of the electromagnetic field.
A small external perpendicular uniform magnetic field B = 10 −5 T is applied through the central ring system and the lead reservoirs to lift the spin degeneracy. The area of the central ring system is A = πa 2 ≈ 2 × 10 4 nm 2 leading to the magnetic field B 0 = Φ 0 /A ≈ 0.2 T corresponding to one flux quantum Φ 0 = hc/e. The applied magnetic field B << B 0 is therefore order of magnitudes outside the AB regime. The temperature of the reservoirs is assumed to be T = 0.5 K. The chemical potentials in the leads are µ L = 1.55 meV and µ R = 0.7 meV leading to a source-drain bias window ∆µ = 0.85 meV. We let the affinity constant ∆ l E = 0.25 meV to be close to the characteristic electronic excitation energy in xdirection. In addition, we let the contact region parameters for lead l ∈ {L, R} in x-and y-direction be δ 
The time-scale for the switching on of the system-lead coupling is (α l ) −1 = 3.291 ps, the single-electron state (1ES) charging time-scale τ 1ES ≈ 30 ps, and the twoelectron state (2ES) charging time-scale τ 2ES ≫ 200 ps described in the sequential tunneling regime. We study the transport properties for 0 ≤ t < τ 2ES , when the system has not yet reached a steady state.
To get more insight into the local current flow in the ring system, we define the top local charge (γ = c) and spin (γ = x, y, z) current through the upper arm (y > 0) of the ring
and the bottom local charge and spin current through the lower arm (y < 0) of the ring
Here, the charge and spin current density,
is given by the expectation value of the charge and spin current density operator, Eq. (25), Eq. (26), Eq. (27) and Eq. (28) . Furthermore, to distinguish better the type and driving schemes of the dynamical transport features, we define the total local (TL) charge or spin current
and circular local (CL) charge or spin current
which is positive if the electrons move counter-clockwise in the ring. The TL charge current is usually bias driven while the CL charge current could be driven by a magnetic field or circularly polarized photon field. The TL spin current is usually related to non-vanishing sources while a CL spin current can exist without sources. In the supplemental material, we present the spin photocurrent densities
which are given by the difference of the associated local spin current densities with (j γ,p (r, t)) and without (j γ,0 (r, t)) photons, where p = x, y denotes the polarization of the photon field (x: x-polarization, y: ypolarization) and γ ∈ {x, y, z}. Below, we shall explore the influence of the Rashba and Dresselhaus parameter and the photon field polarization on the non-equilibrium quantum transport in terms of the above time-dependent currents in the broad quantum ring system connected to leads.
A. 2D Rashba ring
Here, we will describe our numerical results (ME spectrum and charge and spin currents) for the finite-width ring with only Rashba spin-orbit interaction and and compare them to the analytical results for the 1D ring. Figure 6 shows the local charge currents as a function of the Rashba coefficient. The CL charge current is close to zero as the linearly polarized photon field and negligible magnetic field promote no circular charge motion. This is in agreement with the exact result of the 1D closed (i.e. not connected to electron reservoirs) Rashba ring, where the charge current vanishes. The non-vanishing TL charge current is therefore solely induced by the bias between the leads. Around α c ≈ 13 meV nm (blue arrow) the TL charge current has a pronounced minimum coming from the AC destructive phase interference at
3 meV nm. The linearly polarized photons tend in general to suppress the local charge current as the increasing number of possible MB states tends to constrict them to smaller energy differences in the MB spectrum. However, especially for the y-polarized photon field Fig. 6(b) , the AC minimum appears weaker, and for large values α ≥ 18 the TL current can be enhanced. To investigate the charge current minimum (blue arrow in Fig. 6 ) further, we have a look at the ME spectrum as a function of the Rashba coefficient, Fig. 7 , where the zero-electron state is marked in green color, the SESs in red color and the two electron states in blue color. Around α ≈ 13 meV nm, we observe crossings of the SESs (inside the orange parallelogram in Fig. 7) , which correspond to the AC destructive phase interference at x c R . We see clearly that the phase relation and the TL charge current behavior are linked due to the appearance of a current-suppressing ME degeneracy.
9 It is also interesting to notice that the critical Rashba coeffient describing the location of the crossing point is the smaller the higher a selected SES lies in energy. As the spin-orbit wavefunctions of the higher-in-energy SESs are more extended the associated effective 1D ring radius a increases. Now, since α gously defined 1D TL Rashba spin current
and 1D CL Rashba spin current
For the electron number N e , which j i,e/o 1D,R depends on, we have chosen the corresponding value of the 2D Rashba ring without photon cavity averaged over the time interval [180, 220] ps. Neither is N e an integer number in general, nor are the state occupancies in the central system following a Fermi distribution due to the geometryand energy-dependent coupling to the biased leads and electron correlations suggesting to compare to the cases of both even and odd cardinalities for the 1D Rashba spin current j i,e/o 1D,R . For S x spin polarization, in a plot of the same scale as Fig. 8 , the 2D TL and CL Rashba spin currents, I Figure 8 shows that the 2D spin currents are in general smaller than the 1D spin currents (often in between the 1D Rashba spin currents for even and odd cardinality, I
i,e 1D,R and I i,o 1D,R , respectively). This is because many ME states are contributing, which are only fractionally occupied. Furthermore, the 2D structure smoothens the discontinuities with respect to α thus reducing further the peaks in the 1D currents. Nonetheless, some similarities can be found for the α-values regarding the position of the zero transitions. In particular considering the zero transitions, it seems that the even cardinality case is the more appropriate case to describe the spin currents of the finite-width ring. Furthermore, there is strong agreement in the spin currents, which are supposed to be zero. The 1D local Rashba spin currents for spin polarization S x , I
x,e/o tl,1D,R and I
x,e/o cl,1D,R , are zero. The same is true for the 1D CL Rashba spin current for spin polarization S y , I
y,e/o cl,1D,R , and the 1D TL Rashba spin current for spin polarization S z , I
z,e/o tl,1D,R . When looking at the associated 2D local Rashba spin currents, we find that these currents are also close to zero. Figure 9 shows the Rashba local spin currents, which are far from zero for x-or y-polarized photon field (and without photon field for comparison). The other spin currents remain close to zero even with photon field. For α ≤ 8 the photon cavity field enhances the spin currents for both polarizations as opposed to the local charge current. In general, the modifications of the y-polarized photon field are a bit stronger due to the closer agreement of the characteristic electronic excitation energy in y-direction with the photon mode energy ω = 0.4 meV. Figure 10 shows the spin current densities j x (x, y) (top panels), j y (x, y) (middle panels) and j z (x, y) (bottom panels). The photon field is switched off (left panels) or it is x-polarized (right panels). The spin current densities are depicted for a Rashba coefficient α = 5 meV nm below the first destructive AC interference. We note that the spin densities show increasingly vortex structures for larger α. The results without photon cavity (left panels) have numerous similarities to the 1D ring: the S x spin current density is maximal at ϕ = 0, π (Fig. 10(a) ) and the S y spin current density is maximal at ϕ = −π/2, π/2 (Fig. 10(b) ). Furthermore, the spin flow is along the ϕ-direction. Also, the S z spin current density is almost homogeneous in ϕ (Fig. 10(c) ). Furthermore, the relative directions of the spin flow are in agreement with the 1D case, when the flow directions are compared for the different spin polarizations. A difference is the vortices around charge density maxima at the contact regions of the 2D ring for S z spin polarization.
Next, we want to study the influence of linearly polarized photons on the spin current density distributions (right versus left panels in Fig. 10 for x-polarized photons). All spin current densities are a bit larger for xpolarized photons except the vortices at the contact re- gions due to a redistribution of the charge density (i.e. by the density of potential spin carriers) from the contact regions to the ring arms. The influence of the xpolarized photons is still considerably time-dependent in the time regime shown in Fig. 10 . The same is true for y-polarization and the spin current densites without photon cavity (left panels in Fig. 10 ) reminding us about the non-equilibrium situation. For supplemental material for the time dependency of the spin current densities in the form of movies, we refer the reader to Ref. 66 .
B. 2D Dresselhaus ring and comparison to the 2D Rashba ring
Here, we will compare the 2D results of the Rashba ring to the 2D results of the Dresselhaus ring. The charge currents from Fig. 6 remain the same in the Dresselhaus case. How the spin currents shown in Figs. 8 and 9 look like in the Dresselhaus case can be deduced from Fig. 11 , which shows the TL and CL 2D spin currents with and without x-polarized photon field. The left panels correspond to the situation of only Rashba spin-orbit interaction, the right panels to the situation of only Dresselhaus spin-orbit interaction. It becomes clear from these figures that the symmtries between the Rashba and Dresselhaus ring, Eq. (63), apply to the non-equilibrium situation of a 2D ring of interacting electrons, which is connected to leads. This is because neither the Coulomb interaction nor the 2D ring potential depend on the spin. The leads include spin-orbit interaction and the contact regions allow for tunneling of electron between same-spin states of the central system and leads. It is therefore, that the symmetries, Eq. (63), are conserved. To support this, we note in passing that also the non-local spin currents, which describe the spin transport from the left lead into the system or from the system to the right lead, satisfy Eqs. (63) . However, if we would allow for spin-flip coupling between system and lead states, Eqs. (63) might be violated. Furthermore, the ring may be embedded in a photon cavity with linearly polarized photons without breaking the symmetry relations Eq. (63) (the symmetries are conserved also for y-polarization, not shown in Fig. 11 ). It can be easily understood that the photon field does not break this symmetry as the photonic part of the vector potential operatorÂ ph (r) enters the Rashba Hamiltonian Eq. (8) and Dresselhaus Hamiltonian 9 in the same way as the momentum operator. Figure 12 shows the spin current densities j
x (x, y) (top panels), j y (x, y) (middle panels) and j z (x, y) (bottom panels) for the 2D Rashba (left panels) and 2D Dresselhaus ring (right panels) in comparison. It confirms that the Eqs. (63) are valid at any location in the central system. Finally, we note that the Zeeman term Eq. (7) breaks the symmetry relations. The intricate effect from the magnetic field can be recognized for B ≥ 0.1 T. 
VI. CONCLUSIONS
The transport of electrons can be controlled by various interference phenomena and geometric phases. In this work, we turned our focus to the AC phase, which can be influenced by the strength of the spin-orbit coupling, device geometry and cavity photons. We have presented the charge and spin currents inside a quantum ring, in which the electrons' spin interacts with the orbital motion via the Rashba or Dresselhaus interaction. First, for a 1D ring, we presented analytical results for the currents. For zero temperature and divisibility of the elec- tron number by 4, we predict a finite spin current of noninteracting electrons in the limit of the electric field causing the Rashba effect approaching zero. The current for the S z spin polarization is flowing homogeneously around the ring, but the currents for the other spin polarizations, flows from a local source to a local sink. Second, for a finite-width ring connected to leads, where the electrons are correlated by Coulomb interaction we calculated numerically the transient currents before the equilibrium situation is reached using a time-convolutionless generalized master equation formalism. We included spin-orbit coupling, but excluded Coulomb interaction in the electrically biased leads. In addition, we allow the system electrons to interact with a single cavity photon mode of x-or y-polarized photons. The broad ring geometry together with the spin degree of freedom required a substantial computational effort on state of the art machines.
A pronounced AC charge current dip can be recognized in the TL current flowing from the higher-biased lead through the ring to the lower-biased lead at the predicted position of the Rashba coefficient derived from the 1D model. The dip structure is linked to crossings in the ME spectrum and can be removed partly by embedding the ring system in a photon cavity of preferably y-polarized photons. The spin currents of the 1D and 2D rings agree qualitatively in their kind (TL or CL) and spin polarization (S x , S y or S z ), the position of sign changes with respect to the Rashba parameter and the geometric shape of the current flow distribution. Quantatively, we can conclude that it is preferable to choose a narrow ring of weakly correlated electrons to obtain a strong spin current. The linearly polarized photon field interacting with the electrons suppresses in general the charge current but enhances the spin current in the small Rashba coefficient regime. Therefore, the linearly polarized photon field might be used to restore to some extent the strong spin current for S z spin polarization in the small Rashba coefficient regime, which is suppressed for the broad ring with electron correlations and coupling to the leads. The local spin current and spin photocurrent are subjected to stronger changes in time than non-local quantities as the total charge in the system, emphasizing the non-equilibrium situation. We established symmetry relations of the spin currents between the Rashba and Dresselhaus ring. We have shown that they remain valid for a finite-width ring of correlated electrons connected to electrically biased leads via a spin-conserving coupling tensor. Furthermore, switching on the cavity photon field does not destroy the symmetry relations. The sign of the spin current for S z spin polarization could be used to distinguish the Rashba and Dresselhaus spinorbit interactions provided that they are sufficiently weak (x < x c := x c R ) and care is taken that the induced magnetic field of a charge current through the ring is not too large. The conceived quantum ring system in a photon cavity with adjustable spin-orbit interaction and photon field polarization could be used for future applications as an elementary optoelectronic quantum device for quantum information processing. 
